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I. INTRODUCTION 
The breeding value of an individual may be estimated from 
(a) its own performance, (b) performance of its progeny and 
(c) performance of other close relatives. In dairy cattle, 
where productive performance is limited to females, considera­
tion of close female relatives is necessary to estimate a 
bull's breeding value. 
Sampling a young bull and then not using him heavily un­
til his progeny could be examined has been widely recommended 
in animal breeding literature. As the techniques for selecting 
sires to be used in artificial insemination have progressed, 
sampling programs for young sires have been developed. In 
these programs, progeny tests form the criterion for evaluating 
the genetic worth of young sires. Progeny tests are expensive 
and require a rather long time interval before results are 
available. Consequently? the number of bulls that can be 
sampled is relatively small. 
In the province of Ontario are eight artificial insemina­
tion cooperatives. These organizations are not large enough 
to sample many young bulls. This raises at least two questions 
which seem pertinent to the future of these organizations. 
Can they improve the accuracy of the initial selection of young 
bulls enough to reduce the number of bulls sampled? Will they 
be forced to amalgamate and embark upon large sampling programs? 
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The first question is even more important to the herd owner 
breeding cows naturally, since he can do even less sampling 
than the artificial insemination organizations. 
In recent years, expressing a cow's production as a de­
viation from some type of contemporary or herd-mate average 
has become widely advocated. This is an attempt to remove the 
effects of differences in environment, mainly from herd to 
herd, under which daughters of different sires have been milked. 
Young sires for sampling are selected from herds subjected to 
large differences in management. One possibility for improv­
ing the accuracy of selection of young bulls exists in re­
ducing the effects of environmental differences among herds 
and among time periods within herds. 
The best method to determine the accuracy of a predictor 
is to have actual results with which to compare the prediction. 
In the present case this involves comparing estimates of 
breeding values from pedigrees with estimates based on actual 
progeny performance. As unselected a body of data as possible 
should be used to ensure accuracy in both types of estimates. 
When deviations from herd averages are used, it is also neces­
sary to have available data for all cows completing lactations 
in the herds in question. Obviously, it is difficult to obtain 
and manipulate a large body of data meeting these requirements. 
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The available production records of registered Holstein-
Friesian cows in Ontario seemed to satisfy most of the re­
quired specifications. The Canadian Record of Performance 
Policy has been administered on a herd testing basis for ap­
proximately twenty years. All lactations have been recorded 
and assembled in an accessible form. This represented a large 
body of as complete information as could be obtained reasonably. 
The primary subject of this thesis was the potentialities 
of a selection index for ranking young dairy bulls. Produc­
tion information available on the parents and grandparents was 
used in the prediction equations. All records were expressed 
as deviations from herd averages in an attempt to reduce en­
vironmental effects. To do this required first examining the 
variables which affect production. Part of the thesis deals 
with estimating the parameters used in the prediction equations. 
Thus, the main aspects of the thesis deal with, (a) eliminating 
the environmental effects, (b) estimating the parameters used 
in the prediction equations and (c) using the prediction 
equations. 
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II. REVIEW OF LITERATURE 
A. Age Correction 
According to Lush and Shrode (1950), correction factors 
form a statistical control intended to remove variation caused 
by circumstances not pertinent to the question being investi­
gated. In production records, the sources of variation for 
which corrections are most often made are: age at parturition, 
frequency of milking, length of lactation. 
Kendrick (1941, 1955) has developed age correction fac­
tors which are in current widespread use in the United States. 
These factors are an attempt to express, by correcting for age 
at calving, what a cow would produce in an identical environ­
mental situation if she had been milked when she was mature. 
Lush and Shrode (1950) commented on the Kendrick (1941) fac­
tors stating that they were a bit too large at ages under 35 
months, perhaps a bit low at ages 45 to 66 months and defin­
itely too large at older ages. 
LaMaster (1932a, 1932b) proposed a different system of 
age correction. This system was developed primarily for rank­
ing bulls. The breed average for production was computed for 
each of seven age groups for each of the various classes of 
lactation length and milking frequency. The "production fac­
tor" for a bull was obtained by adding the actual records of 
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his daughters and dividing the total of these records by the 
total of the average of the breed for the same classes in which 
the actual records were made. 
In Canada a system of Breed Class Averages (BCA) is pres­
ently used for age correction. This system has been outlined 
briefly by Stone (1955). The breed averages have been com­
puted by ten-day intervals from data taken over a five-year 
period from 1950 to 1954. official lactation reports presently 
give the actual production of a cow for her complete lactation, 
as well as a BCA value for milk and butterfat for 305 days. A 
sample of the BCA figures for Rolstein Friesians is shown in 
Table 1. 
Table 1. Breed class averages for Holstein Friesians 
Age at calving 365 2x 305 2:< 
Years Days Milk (lbs) Fat (lbs) Milk (lbs) Fat (lbs) 
2 160 10375 381 9313 342 
2 170 10401 382 9337 343 
2 180 10427 383 9361 344 
2 190 10454 384 9384 344 
4 160 11858 435 11140 409 
4 170 11885 436 11167 410 
4- 180 11912 437 11194 411 
190 11940 438 11222 412 
6 0 13033 473 11903 437 
to 
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B. Deviations from Contemporary Herd 
Averages 
Various studies have estimated the magnitude of the dif­
ferences among herds, years, or seasons in relation to the 
total differences among records. Plum (1935) summarized the 
relative importance of causes of variation in butterfat pro­
duction based on cows in Iowa Cow Testing Associations in 
the period from 1922 to 1932. Included in the study were 
1139 purebred cows with 2574 lactations and 1177 grade cows 
with 3286 lactations. Herd to herd variation accounted for 
33% of the total variance in production. Seven percent of the 
total variance was due to year to year variations in feeding 
and other factors within herds. Differences in production 
resulting from calving in the seasons November to January and 
May to July accounted for 3% of the total variance. 
Using 15 years records from 13 Swedish Red and White 
herds, Johansson and Hansson (1940) studied the environmental 
and genetic causes of variation in milk and butterfat yield. 
Variation among herds accounted for 6% to 7% of the total 
variance in butterfat yield. This estimate is smaller than 
those usually reported and may be because herds were selected 
for their better than average management. About 6% of the 
total variance was due to the variation among years within 
herds and approximately 3% was due to seasons within years. 
Hickman and Henderson (1955) in a cross classification 
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analysis, found that herd to herd variation accounted for 33% 
of the total variance in milk yield, with the variation due to 
year-seasons accounting for 4% of the total. The data in this 
study consisted of first and second lactation records for cows 
with at least two records and freshening first between the ages 
of 18 and 34 months in DHIA herds in New York. A total of 3912 
cows in 1094 different herds over an eight year period were 
included. 
From Ontario DKIA data, Barr (1958) found that 37% of the 
total variance in milk production was due to differences among 
herds. These results were based on first lactation production 
of 4604 Holstein Friesian cows in 743 herds. 
In general, herd to herd variation has been found one of 
the largest single sources of variation in milk and butter­
fat production. Use of a contemporary herd average has been 
proposed to remove this variation caused by herd differences, 
as well as that caused by differences among years and seasons. 
According to Shrode and Lush (1947) and Lush and McGilliard 
(1955), the rating of a cow by the difference between her pro­
duction and that of her herd-mates assumes that all herds aver­
age alike genetically and this assumption is too extreme. 
However, proponents of the contemporary herd average have con­
sidered genetic differences among herds unimportant, as com­
pared to the environmental differences. 
s 
Henderson and Carter (1957) obtained a regression coeffi­
cient of .91 for AI daughters on their contemporary herd 
averages. This value is in reasonable agreement with the co­
efficient. of .95 observed by Robertson and Rendel (1954). 
Further estimates reported by Henderson ejk al,- (1954), Barr 
(1958), and Johansson (I960) were lower, being about .6. No 
explanation is given for this difference except that the samples 
of data in the different studies may have come from different 
kinds of herds. 
Brumby (1959) described an experiment in which 480 heifer 
calves were selected to determine the relative importance of 
genetic and environmental differences among herds. In one 
phase, two calves from each of 20 high and 20 low producing 
herds were selected each year for three years and brought to an 
experimental farm. These calves were then raised together and 
completed their first lactations on the same farm. Approxi­
mately half the difference in butterfat test observed in the 
actual high and low farm conditions was reproduced at the ex­
perimental station. For actual butterfat production, this ex­
periment gave an estimate of 10% of the differences among herds 
being due to genetic causes. In the second phase, 40 sets of 
identical twins were divided among the 20 high and 20 low herds 
each year for the three year period. First lactation production 
was recorded on these farms. Again, they estimated that 10% of 
the differences among herds for butterfat were genetic. 
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Genetic differences among herds could arise in two ways. 
Firstly, a herd may be considered as a "family" since animals 
in it could be more closely related than animals in different 
herds. Secondly, differences in desires or abilities of breed­
ers could in time induce genetic differences among groups re­
gardless of those due to genetic relationship. This would prob­
ably not be important as heritability of production is rela­
tively low. Carter (1956) estimated that with an intra-herd 
coefficient of relationship of .1, heritability for production 
within herds of .25 and herd differences accounting for 35% 
of the total, an estimate of 5% of the differences among herds 
being genetic would be obtained. 
Pirchner and Lush (1959) estimated that 14% and 10% of 
the differences among herds for butterfat production were gen­
etic for 1072 Jersey HIR cows and 880 Kolstein DHIA cows re­
spectively. These estimates were obtained by the intra-sire 
regression of heifer production on herd average. 
Since the use of actual production records on the one 
hand and deviations from contemporary herd averages on the 
other represent two extreme assumptions; that is genetic dif­
ferences among herd averages are unity or zero, Shrode and Lush 
(1947) proposed that the two be combined. 
Henderson £t _al. (1954) proposed adjusting production 
records for herd differences, using contemporary herd averages. 
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To correct a bull's daughters' records for herd effects, the 
average production of the daughters would be reduced .6 of the 
amount by which the unweighted mean of the contemporary herd 
averages exceed the, average of all herds in the population. 
This may be expressed as follows: 
Corrected Daughter Average = Daughter Average - 0.6 
(Contemporary Herd Average-Average of all Herds). This pro­
cedure has been more recently described by VanVleck, O'Bleness 
and ,Henderson (1961) wherein the intra-sire regression of 
daughter records on adjusted stablemate averages was 0.9 in­
stead of 0.6. 
Johansson (1961) described the Relative Breeding Values 
calculated by the Milk Marketing Board of England and Wales. * 
These utilize the contemporary herd average as well as the 
breed average. The formula expressing a sire's Relative 
Breeding Value is written thus : 
_ r2b (daughter average-contemporary average) + 
• < • B * V • — 1_ 
.2 (contemporary average-breed average)j x ^qo 
breed average 
In the equation, b is the regression of a sire's future daugh­
ters on the performance of his daughters already in the progeny 
test and varies according to the number of daughters already-
tested as follows : 
No. daughters in 
progeny test b 
5 .29 
10 .45 
20 .52 
40 .76 
100 .89 
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The .2 is their estimate of the genetic fraction of differences 
among herd averages in milk yield-
Johansson (1961) outlined this daughter-contemporary com- • 
parison method as then being used to list progeny recorded 
bulls in Britain. Comparisons are made within years within 
herds between the averages of the daughters and the averages 
of their herd-mates, using first lactation actual production 
only. Not making age-corrections may be a source of error be­
cause a few months age difference in young heifers can have an 
important effect on production. Comparisons are "weighted" 
by the inverse of the variance of the difference, the assump­
tion being made, that the production of daughters and of their 
contemporaries has equal variance. Also, the assumption is 
made that the variances are equal in all herds. This has the 
unjustified effect of giving more emphasis to daughters in 
highly variable herds than to those in uniform herds. 
In New Zealand, according to Johansson (1961), an "ex­
pected" daughter average for butterfat production is computed, 
using the herd average with all normal records of cows four 
to nine years of age, excluding the daughters in question. 
All normal daughters * records are used and are corrected 
to a Mature Equivalent basis. Bulls are rated according to 
the deviation of their daughters * actual records from daugh­
ters* "expected" average. The "expected" daughter average equals 
76 + .75 (herd average). No attention is given the possibility 
12 
of genetic differences among herds. 
C. Previous Indexes 
The problem of combining information on an individual with 
information on its progeny and/or from its pedigree is an old 
one. Lush (1935) discussed the relative accuracy of progeny 
test and parent's performance as indicators of the parents 
breeding value. He concluded that when Leritability (in the 
narrow sense) was as low as .10 and with no environmental cor­
relations, then the progeny test on five daughters would- sur­
pass a single record on the dam as an indicator of the dam's 
breeding value. However, any environmental correlation at all 
would seriously limit the increase in accuracy of the progeny 
test as the number of daughters increased. 
Copeland (1934) examined the pedigrees of 729 "Tested 
Sires" of the Jersey breed to determine the possible reasons 
for some of the bulls siring high producing daughters, whereas 
others sired daughters very low in production. He stated that 
the records of the sire's daughters were considerably more 
useful than the record of the dam alone. However, no mention 
was made of the differences in selection intensity exerted upor 
the dams of bulls and on the daughters of bulls' sires. Cor­
relations between average production of daughters of bulls and 
different groups of their relatives, considered separately, 
13 
indicate the presence of environmental correlations and/or 
non-random mating. 
Bulls proven in Iowa Cow Testing Associations were studied 
by Lush and Schultz (1938) to determine (1) how many of their 
parents and grandparents had been tested for production and (2) 
how closely the production information in the pedigree indicated 
the average production of the daughters and the average in­
crease of the daughters over their dams. From the correlations 
they obtained, Lush and Schultz (1938) concluded that it was 
desirable to select young bulls with tested ancestors but that 
their daughters could be expected to show only a small fraction 
of the superiority shown by the ancestors. 
The correlation coefficients between the average .production 
of a bull's daughters and the production of his near ancestors 
as found by Copeland (1934), Madsen (1932) and Lush and Schultz 
(1938) are given in Table 2. The correlations obtained by 
Copeland and Madsen tend to be higher than those obtained by . 
Lush and Schultz. Perhaps this is due to environmental correla­
tions and/or stratification of management which could introduce 
an upward bias in the estimates. 
Several theoretical considerations have been published 
concerning the problem of prediction equations based on ancestral 
information. The most recent of these was by Young (1961). 
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Table 2. Correlations between the average production of a 
bull * s daughters and that of his close relatives 
Madsen Copeland Lush and Schultz 
Bull's relatives Lbs. fat (production of mates ignored) 
Sire's daughters .32 .56 -.02 
Dam's records .18 .33 .24 
Pat. grandsire ' s 
daughters .19 .25 .06 
Pat. grandam's 
records . 06 -- . 10 
Mat. grandsire's 
daughters .26 .43 .03 
Mat. grandam's 
records .17 
In this paper he investigated selection using information on 
the dam, sire, own phenotype, paternal half-sibs and own progeny. 
The partial regression coefficients and multiple correlation 
coefficients were presented for various combinations of in­
formation. Efficiency of several of the combinations was 
examined. 
Skjervold and $degard (1959) presented a correlation matrix 
for computing partial regression coefficients. From the matrix, 
regression coefficients were derived for all combinations of 
performance tests and ancestral information, up to and in­
cluding the grandparents. 
In a similar type of study, LeRoy (1958) presented a cor­
relation matrix taking inbreeding into account in the pedigree. 
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Partial regression coefficients were computed for 18 different 
combinations of actual performance and ancestral performance. 
Corresponding multiple correlation coefficients were computed 
and a practical example was illustrated. 
Osborne (1957) discussed the use of sire and dam family 
averages in hierarchical mating systems such as are commonly 
found in poultry. He stated that selection based on sire and 
dam family averages and individual records was more efficient 
than selection on any portion of the information. For low 
values of heritability most weight was to be attached to sire 
family average, less weight to dam family average and least of 
all to individual performance. Comparisons referred to select­
ing females in a population of females in poultry. 
Robertson (1959) derived a simple method of evaluating 
pedigrees in dairy cattle and compared it with the usual method 
involving the computation of exact partial regression coeffi­
cients. Involved was the use of the "standard progeny record" 
which expressed all information in terms of the single first 
record of one daughter. Suitable factors were developed for 
comparing information from different generations in the pedigree. 
The approximate method was nearly as efficient as the exact 
method. 
In nearly all of the theoretical considerations, the 
variances of all records in the pedigrees were considered equal. 
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Also, no inbreeding was assumed and assertive mating was not 
considered. These assumptions facilitate deriving the formulae 
but perhaps are too restrictive since at least mild inbreeding 
is commonly found in pedigrees of farm animals. 
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III. THEORETICAL INVESTIGATION 
A. Use of Herd Averages 
Edeally, the method used to appraise the breeding value of 
an individual should reflect only the variability contributed 
by that individual and should not reflect environmental vari­
ability. In the following discussion, an animal's breeding 
value will be considered as its genie value or additively 
genetic merit. Milk production results from a genotype ex­
pressing itself in a given environment. In practice, it is 
impossible to find a perfect index of genetic merit, since it 
is so difficult to separate the genie and environmental effects. 
One of the largest single sources of variation affecting 
production has commonly been found to be that of differences 
among herds. Most of this effect is non-genetic and in many 
sets of data is not random;- hence it may introduce considerable 
error into estimates of true genie merit. One way to circum­
vent the problem is to express each record as a deviation from 
the average of all cows in the same herd. Effects due to years, 
seasons and their interactions with herd effects are usually-
small compared to direct herd effects. However, in a routine 
system of reporting records, summaries are usually made an­
nually. Thus, it is feasible to express records as deviations 
from the herd averages for a specific year and season, thereby 
attempting to eliminate the variability due to these main ef­
18 
fects and their interactions. These averages usually include 
records of all cows in the herd who start their lactations in 
the same year and season and ideally should exclude- the records 
of the cow herself and her paternal half sisters. 
The average of the herd in a specific year and season can 
be considered as an estimate of the mean of a population of 
records made by cows of which the actual cows were a random 
sample and under environmental circumstances of which the ac­
tual ones were a random sample. The problem becomes one of 
using the sample average to estimate the true average of the 
cow's herd-mates. One method of doing this has been given by 
Heidhues et_ al. (I96 0). 
The production for a single lactation may be expressed in 
terms of the linear model: 
xij = p + + eij 
x. . = the j**1 lactation in the i**1 herd-year-season 
ij 
t^ = true effect of the ith herd-year-season considered in 
this case to consist of the three direct effects plus 
their interactions. Effects of herds, years, and 
seasons are assumed to be independent. 
e^j = random effect associated with x — and containing both 
environmental and genetic portions. 
It is assumed that the t£ and e— are independently distributed 
o ? 
and they are defined to have variances o^ and respectively. 
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The mean of a group of n cows in the same herd-year-season 
and its variance are given as follows: 
_ n 
x = p + t^ + 2 e — 
j=1 
n 
P 2 
V(x)= 61 + . 
n 
In terms of linear regression, the minimum mean square error 
estimate of the true mean of a group of cows in the same herd-
year-season may be written: 
X = p + w(x - yu) 
a-
x = estimate of the true herd-year-season average 
p = the true mean of all cows in the population 
w = the regression of the true average of the group of cows 
on the sample average 
The covariance between the true average and the sample average 
2 ? ? is and the variance of the sample average is o^, + ce 
n 
Hence, 2 
ot 
" "  
n 
The "best" estimate of the true average is thus: 
— n . 
x 
= P + E+I (x - P) 
where a = °e 
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When deviations of records from herd averages are used 
for genetic purposes, the assumption is made that all of the 
differences among herds are non-genetic. If this is the case, 
then the regression of a cow's record on the estimated true 
average of her stablemates should be unity. This may be il­
lustrated as follows: 
V(x) = 
n 
n + a 
2 
Gov (xjj, x) = 
of • fi 
n 
n 
n 
6*iVx = 
(n + a)(of) 
n(c^) + Cg 
but a = e 
a 
>%ii' = -
°t + 5-
Gt + °e 
n 
= 1 
However, following the argument put forth by Pirchner and Lush 
(1959), the effects due to herd-year-seasons may be considered 
to consist of a genetic portion (gt)^ with variance of7.c and 
an environmental portion (et)^ with variance In this case, 
the intra-sire regression of an artificially sired cow on the 
estimated true average of her herd-year-season stablemates 
would be: 
2 ^ 2 ' 2 
Ogt + oet + oe 
2 n 
O 9 ? * 
°gt + °ët + f£_ 
n 
If the residual variance and that due to years and seasons, 
along with the interactions, is removed from the regression 
there remains : 
2 2 
gh + aeh 
% °gh + o#h 
The verbal argument put forth by Robertson and Rendel 
(1954) based on this type of regression is as follows. If 
there were no genetic differences among herds in a year-season 
2 
T*h 
9(o%, = 0), then the regression would be unity. However, if all 
the differences among herds in a year-season were genetic (afh -
0), then the regression would be .5. Robertson and Rendel 
(1954) proposed regressing first generation AI daughters on 
their respective herd averages to obtain an estimate of genetic 
and environmental differences among herds. The "herd" here is 
assumed to be the dams of those daughters, or genetically equal 
to them. 
Estimated true herd-year-season averages may be corrected 
for genetic differences among herds according to the regression 
of a cow's production on the estimated true average. This cor­
rected estimate may be termed the regressed estimated true 
herd-year-season average and is expressed as: 
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x = k'(x) 
where k' is the regression of a cow's production on the proper 
- e 
x. For practical purposes, the x may be written : 
n x + a p 
x = k' 
n + a 
VanVleck et al. (1961) have shown that the deviation of a 
cow's record from its respective x can be used for ranking 
sires. This method yields an unbiased ranking of sires and 
has minimum variance among several other methods that also 
yield unbiased estimates of rank. 
For the following discussion, the linear model used to 
describe a cow's production may be written: ' . 
x. = u + t. + b. + c + e. where ijk i j jk îjk 
x. = the record of the ktn daughter of the j*11 bull in the 
1 IK 
ith herd-year-season 
p = the true population mean 
t-x = the effect of the i**1 herd-year-season 
bj = effect of the jth bull 
Cjk = effect of the kth daughter of the jth bull 
e^jk = random error associated with the record of the k**1 
daughter of the j**1 bull in the i**1 herd-year-season. 
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The t£, bj, eand are assumed to be independently dis­
tributed with zero means and are defined to have variances 
2 2 9 2 Gt, o-^, and og respectively. There is assumed to be no 
interaction between the tj, and the bj. 
In terms of this model, the stablemate average for each 
daughter of the jth bull in the i**1 herd-year-season, excluding 
the cow and her paternal half-sisters, is: 
îpq 
Xij = 
;dj ^  
q/k 
nipq 
nipq 
where 2 indicates summation over all daughters and all bulls 
p/j 
qA 
in a herd-year-season, other than the cow and her paternal half-' 
sisters. Also, n^pg is the number of stablemates associated 
with the k*'n record for the j**1 sire group. In actual practice, 
nipc will be the same for all daughters of the same bull in 
that herd-year-season. 
The regressed adjusted stablemate average is: 
% 
Now the deviation of a cow's record from her x may be written: 
(dj^i represents the deviation of the I**1 record of the 
th — daughter of the j bull from the proper x) 
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djki = x-ijk (x)£j = (l-k')p + 
k* 
1 _ k"nipq 
+ b • — 
k1 
nipq+a 
nipq+a 
:q"P + c* 
nipq+a pqCP« + 'ijk 
v t 
%ipq+a pq6iM' 
It is now redundant to carry an i subscript in the jkl de­
viation since summation oyer the subscripts j, k and 1 will 
automatically include summation over i. 
It is possible to rank a group of bulls using deviations. 
The normal procedure would be to compute the mean deviation 
from regressed adjusted stablemate averages and then rank bulls 
according to these means.. The mean deviation would be: 
d, 
J' 
- M 
n j 
k 
n and it has the following 
expectation, assuming that all effects other than bj have zero 
means: 
E(d. ) = (1 - k * ) p + b. . 
J • • J 
This estimate of the effect of a given sire is thus unbiased. 
The variance of a single deviation is: 
V(djkl) = i . k'nipq 
nipq+a_ 
i + nipqK 
T 
n^ipq+a^  
(°b + of + o2) 
assuming Y(bp) = V(bj) = o^, V(cpq) = V(cjk) = o^ and 
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V(eipq) = V<eijk) = o2e. 
Estimates of genetic parameters are required to carry on 
any systematic breeding plan. In the present case, interest 
is centered on estimates of the genetic variances and covari-
ances for milk production. The linear model for a deviation 
may be expressed in a simpler form than the original model, as 
written on page24. Since deviations are used to remove ef­
fects of herds, years and seasons, these effects are assumed 
to be non-existent for the simplified model. It is important 
to examine the expectations of mean squares under any assumed 
model and to determine the results of taking expectations in a 
simple model in terms of a more complex one. The model for a 
deviation may be expressed in simplified form as: 
djkl = P * bj * cjk «• ejkl 
p = the true population mean 
bj = effect of the j**1 bull 
Cj%. = effect of the k**1 daughter of the j**1 bull 
ej^2 - random error associated with the l**1 de­
viation of the k**1 daughter of the j**1 bull. 
When the assumption is made that the t^, bj, Cjk and e^j^ 
are independent, certain inferences are made about the nature 
of the data. For the assumptions to be correct, the data would 
have to be arranged in the following manner: 
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1. Sires who have daughters under consideration do not 
have any daughters included in any stablemate average. 
2. In the stablemate average, each individual stablemate 
has a different sire. Thus, there are as many sires as there 
are stablemates. 
3. Any one herd-year-season occurs only once. This means 
that each observation is from a different herd-year-season. 
4. All cows are subjected to only random differences in 
environments. 
These assumptions appear rather fallacious. However, 
VanVleck et al. (1961) indicated the agreement between expecta­
tions computed under these assumptions and the results from 
actual data analysis was quite close. It was concluded that 
the error involved in making the assumptions was not large. 
With artificial insemination, many bulls who are being ranked 
will also be sires of stablemates. It seems that this could 
introduce considerable correlation among the effects. However, 
these simplifying assumptions must be made to prevent the ex­
pressions from becoming too unwieldy. 
The coefficients for the expectations of the uncorrected 
sums of squares are presented in tabular form in Table 3. 
These expectations are for a simplified linear model expressing 
S 
a cow's deviation from her x. As can be seen in Table 3, two 
types of bias B and H are present in the expectations, both of 
which are dependent upon the number of stablemates. If the 
n u m b e r  o f  s t a b l e m a t e s  w a s  t h e  s a m e  i n  a l l  c a s e s  t h e n  B a n d  
Hjki would be the same for all records and unbiased estimates 
2 ? 
of and oc could be obtained. This is demonstrated more 
simply in Table .4 where equal numbers in the subclasses are 
assumed with b bulls, c daughters per bull and r records per 
daughter. Also, the number of stablemates is constant. The 
2 2 biases B and H do not affect the estimates of and ctc but 
2 
are present in estimates of a as can be seen in Table 4. 
When the number of stablemates varies, all estimates of 
components are biased since Bj^ an<3 **jkl var7 from record to 
record. However, the biases introduced by varying Bj^ and 
Hjj^ will not be large compared to the values for the coeffi­
cients of the variance components. Thus, in further considera­
tions, Band K will be assumed constant and will be calculated 
using the arithmetic mean number of stablemates per record in 
the sample under study. 
B. Index Procedures 
Lush (1947) has described the use of a selection index 
approach to weight properly the merits of an-individual and 
of other members of its family when only one trait is being 
considered. In selecting young bulls for sampling programs, no 
information is available on the merits of the individual except 
his own appearance, commonly referred to as "type". There is 
Table 3. Expectations of uncorrected sums of squares for deviations 
Sum of 
squares Composition of expectations of sums of squares 
Total N(l-k')2>J2+2 H;klo?+ 
jkl J x 
Bulls NÇl-k' )2u2+2klHjkl02 + 
j "j.. 
Nab+ No2+ 
2,.2 
jkl 
b NoT+Z o^+Zkl^' o
2+ 2klBjkl(a2+02+a2) 
c :-r- e , x ub c e j nj< J"i 
2 
i : 
j n 
Cows x 
bulls 
Correc­
tion 
term 
N(l-k«)V+2 lH;klo2+ 
jk njk. 
Mab+ :B 
'jk. 
Hjkl l-
k,nipq 
nipq+a 
N t N b N 
(1) 2 Bjkl 
Or*jkl Oç+jkl 
N N 
(o2+o2+o2) b e e  
B jkl 
k
'
2
"jPq 
("ipg+a)3 
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Table 4. Expected mean squares for deviations with equal 
subclass numbers 
Mean square Expected mean square 
Bulls (B+l)cg + Ho\ + (r + B)c2 + Ccr + B)o§ 
Cows/bulls (B+l)og + Ha2 + (r + B)a2 + Ba^ 
Remainder (B+l)a2 + + Ba^ + Ba^ 
no reliable evidence to support any hypothesis on the corre­
lation between a bull's individuality and the productive per­
formance of his daughters. Thus selection of young bulls must 
be almost exclusively on pedigree information. The present 
index includes information on paternal half-sisters, dams, 
paternal and maternal grandams, daughters of paternal and 
maternal grandsires. 
Hazel (1943) discussed the genetic basis for constructing 
selection indexes and utilized multiple correlation techniques 
to illustrate their construction. To derive an index, esti­
mates of genetic parameters and phenotypic correlations are 
required. The latter can be derived most conveniently by using 
the method of path coefficients of Wright (1934). This method 
allows complex correlations to be examined in terms of their 
more simple components. 
Variation in numbers of records per cow and in number of 
daughters per bull introduces variation in the accuracy with 
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which individual phenotypes are known and/or genie values are 
estimated. Path coefficients facilitate considering varying 
numbers of records when deriving the required correlations. 
The path coefficient diagram in Figure 1 pictures the hy­
pothesized correlations among the various phenotypes and the 
genie value of. the young sire. In the depicted scheme, the ef-
fects of herds, years^and^seasons are considered to have been 
removed by expressing the observations as deviations from their 
respective herd-year-season means. Also, the correlations 
among the phenotypes are considered to be caused only by the 
genie relationship of the individuals involved. The effects 
of assertive mating are ignored. Lush (1948) has illustrated 
that when heritability is low the correlation introduced be­
tween genie values by assertive mating is small compared to 
mating based on consanguinity. 
The symbols used are: 
?2 phenotypic average of paternal half sisters 
Pg dam's phenotypic average 
P4 phenotypic average of daughters of paternal grandsire 
P^ paternal grandam*s phenotypic average 
P^ phenotypic average of daughters of maternal grandsire 
Py maternal grandam's phenotypic average 
G genie value for the individual in question (G^ represents 
the genie value for the bulls studied). 
Figure 1. Path coefficient diagram indicating the correla­
tions among a young sire's breeding value (Gi) 
- and the phenotypes and breeding values of his 
close relatives 
I 
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3r> 
7/ 
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E effects of environment, of dominance, and of epistasis, 
combined 
rg.Q. correlations among the genie values of the grandparents i j 
under consideration (unlabelled in diagram) 
n number of observations per individual for the cows or 
in case of daughters of bulls n represents the average 
number of records per daughter 
m number of daughters per bull 
t correlation (repeatability) among different records for 
the same individual 
ab Mendelian segregation. According to Wright (1921) 
/1+f ' 
ab = ^vT+f w^ ere f' an<* f are ^be inbreeding coeffi­
cients of the parent and offspring respectively. The 
value of f1 and f should be about the same unless in­
tensive inbreeding or outcrossing is being carried on. 
Thus ab will be considered equal to i-. 
All other lower case letters represent path coefficients. 
In order to proceed with establishing the index, correla­
tions must be derived among the phenotypic averages in the 
pedigrees. Also, the correlation among the phenotypic averages 
and the genie value of the bull must be calculated. These cal­
culations may be illustrated by path coefficients using the hy­
potheses from Figure 1. 
Consider first the correlation between the genie value of 
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a young bull and the phenotypic average of his sire' s daugh­
ters. From Figure 1 this is: 
rG1P2 = a2î)2 h2 u m2n2[l+S] . 
The quantity [1+S] indicates the direct correlation plus 
any additional correlations due to consanguineous matings in 
the four generation pedigree. In the present case 
S = a2b2[rG4G6+rG4G7 + rQ5G6 + rG5Gy] • 
On evaluation the path u becomes : 
Vm2n2[1+( n2-1)t2+n2( m2 -1)a2b2h23 
Thus the correlation is written: 
,, /  ^
rGip2 = a-b hg[l,s] Vl,g2.i)t^ (»ri)aVl^ 
The correlations between the phenotypic averages of the daugh­
ters of both grandsires and the genie value of the bull are 
of the same nature but are multiplied by another ab term and 
the appropriate numbers are substituted. In this case 
S = a2b2[ rG4Q5 + rG4Gé + . 
Figure 1 also yields the correlation between the dam's 
phenotypic average and the bull's genie worth. 
rGlp3 = ab h3 x n3[l+S] 
where 
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~\/n3[l+(n3-l)t3] 
h3[ 1+S] 
l+(n3-l)t3 
n3 
Once again the correlation between the phenotypic averages of 
both grandams and the genie value of a bull will be the same 
except for an extra ab term. 
The phenotypic correlations are of three general types: 
(1) that between daughters of one bull and daughters of 
another bull; (2) between one cow and another cow; (3) between 
a cow and the daughters of a bull. These three cases may be 
exemplified in general as follows: 
rp.p. = rG-G. a2b2hiuiminih,ujmjïïj 
l j l j 
but 
and 
1 
m-n-[l+(n--l)t -+n.(m--Da^b^h^ . ] 
» w J J J J J 
hence 
rGiGja2t>2tlihj 1 J >(n£-l)t£+n£(m£-l)a2b2h? 
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2
' 
rPaPb = rGaGbh2naxahbnbxb 
but x„ =' 
'
a V na[l+(ma-l)ta] xb Vnb[ l+(nb-l)tb] 
therefore 
na 
rpapb rGaGbhaht> Vl+(na-l)ta V l+Cnb-l)tb 
3
" - 
rG_Gj ab hcncxchdud°dnd G d c d 
where 
x = 
c VncU+(nc-l)tc] 
Ud Vmdnd[l+(nd-l)td+nd(md-l)a2b2h2d] 
Thus 
nc / mdnd 
rpcpd=rGcGdab hchdVl+(nc-1)tcVl+(Hd-l)td«d(md-l)a2b2h2d ' 
The index or linear prediction equation for a pedigree 
containing information on the parents and grandparents would 
be 
1 
= 
b2p2+b3p3+b4p4+b5p5+b6p6+b7p7 
where the b's are the partial regression coefficients which 
minimize the square of the deviation between G% and I. This 
also maximizes the correlation Normal or least squares 
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equations may be expressed in standard measure by taking the 
derivatives of (I-G^)2 with respect to the b's and standard­
izing them. This yields a set of six simultaneous equations 
which can be solved to obtain the standard partial regression 
coefficients. Using the identityyQ^ aGl = b- the partial 
cPi 1 
regression coefficients to be used in the equation are obtained. 
The simultaneous equations may be written in matrix form as 
follows: (the correlation matrix is symmetrical) 
rP2P3 rP2P4 rp2P5 rp2p6 rP2p7 A] rp2Gi 
1 rP3p4 rp3p5 rp3p6 rp3p7 A rp3Gl 
1 rp4P5 rP4P6 rP4P7 A = rp4Gi 
1 rp5p6 rp5p7 fis rp5Gi 
1 
rp6p7 
1 
ftà 
A 
rp6Gl 
rp7Gi 
When there is no genetic relationship among the grand­
parents, the values for the partial regression coefficients 
are easily obtained by algebraic substitution. The least 
squares equations under these conditions are : 
1 0 
0 1 
•?2P4 » 
0 
r*3?6 
rp3P? 
rP2p4 rp2?5 0 
0 0 
'P3P5 
10 0 
% 
0 
0 
0 
0 
1 
0 
0 
1 
0 A 
rp3py A 
0 A 
.0 A 
0 P>t 
1 Pi 
rp2Gi 
rp3Gl 
rP4Gi 
rp5Gl 
rp6Gl 
rp7Gl 
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from which: 
A - rP4<3l " z?2e/ifi2 
A = rP3G1 " ':P2Pî/32 
A = tPjGj. - rp3p6A 
A = 'P7G1 ' rï3P7A 
and therefore : 
= 
rp2Gl ' (rp2?4 rP4Gl + rf2P5 riyGi) 
1 - CrP2P4]2 * trp2p5] 2 
y33 = "P3G1 ' (rp3p6 r?6Sl * T3P7 rp7Gl) 
1 - trP3P6] trp3p7j: 
The estimates of the *s thus obtained are in standard 
measure and must be multiplied by the proper estimate of 
oGi 
cpi 
to put them into more usable form. 
In estimating the correlation between a sire's genie value 
and the phenotypic mean of his daughters, it can be demon­
strated that the number of daughters has a more important ef­
fect on the correlation than the number of records per daughter. 
Also, if the number of records per daughter are ignored, then 
the correlations computed will be slightly too small. In con­
sidering actual data, only the number of daughters, not the 
number of records of each, will be taken into account. The 
correlations computed will be slightly smaller than would have 
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been obtained if the number of records per daughter had been 
taken properly into account. 
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IV. DATA SOURCE 
Data for this thesis were obtained through the facilities 
of the Canada Department of Agriculture, the Ontario Agri­
cultural College and the Holstein Friesian Association of 
Canada. The official production testing program for regis­
tered cows is named Record of Performance (ROP) and is admin­
istered by the federal government. Rules and regulations for 
ROP are presently quite similar to those of the Herd Improve­
ment Registry program in the United States. Since the mid 
1940*s, all cows in participating herds have been tested and 
previous to this many herd owners tested all cows voluntarily. 
Consequently, the only data used were from herds known to have 
had all cows on test. 
Over 60% of all artificial services in Canada are made 
in Ontario. Also, semen from bulls in Ontario studs is used 
to inseminate over 70% of all cows artificially inseminated 
in Canada. Thus, records made only in Ontario were used. 
This circumvented the necessity of making adjustments for the 
wide variations in climate and geography present across Canada. 
Lactation records were corrected for age at calving by 
use of the official Breed Class Average figures for Holstein 
Friesians. Records less than 240 days in length were not 
used; those from 241 to 305 days were compared directly with 
the BCA figures. In some cases the actual production given 
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was for a period of over 305 days but less than 365 days. 
These records were factored back to 305 days by linear inter­
polation for five-day intervals with the values 1 and .87 for 
305 and 365 day production respectively. 
Initially, it was intended to select all of the bulls which 
had been in heavy service in artificial insemination coopera­
tives in Ontario. This represented a substantial number of 
bulls. However, in obtaining information on the relatives of 
these bulls some difficulties arose because some of the 
testing practised previous to the early 1940*s was selective. 
Consequently, the number of bulls for which unselected pedigree 
information was available was reduced to 28. Some doubt may 
be raised as to the validity of making any inferences from 
such a small sample of bulls. However, it was felt that to 
work with a small sample was more desirable than to use records 
obtained in a selective production testing program. 
In procuring the data, the initial expense in obtaining 
any pedigree information was rather high since a large volume 
of filed data had to be searched. Additional information 
within a pedigree was obtained more easily. Consequently, all 
available data for the 28 pedigrees were obtained even though 
in some instances a lesser amount of data would have been suf­
ficient. 
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A total of 19,033 records by 10,085 cows were obtained. 
Included in this total were 5,865 records made by 3,500 daugh­
ters of the 28 bulls being examined and 13,041 records by 
6,552 daughters of the 48 other bulls in the pedigrees. The 
dams of the study bulls formed part of the latter totals since 
they were classed as daughters of maternal grandsires. There 
were 127 records made by 33 grandams who were not classed as 
daughters of any of the bulls in the pedigrees. 
Besides the records of the individuals in the 28 pedi­
grees, information was obtained on all lactations for cows 
who were milked in the same herds and at the same time as the 
pedigree individuals. This was necessary in order to obtain 
suitable herd averages from which to compute deviations. 
These observations contributed over 90,000 additional records 
but were used only in computing herd averages. 
Considerable correlation, because of common ancestry, ex­
isted among the pedigrees. This is made apparent by the fact 
that only 49 different bulls were present in the 28 pedigrees, 
where theoretically there could be 84. One of the study bulls 
was also the sire of another study bull. A similar situation 
existed among the dams and grandams. The degree of relation­
ship among pedigrees was believed to be typical of that found 
among the pedigrees of bulls used artificially. When a sire 
or cow proves to be of superior merit, considerable effort is 
spent to obtain close relatives, such as sons or brothers of 
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that individual. 
The data used extended from 1939 to 1958, inclusive. 
Figures 2 and 3 illustrate the distribution of records made by 
the various classes over the period under consideration. 
Since the classes are not completely independent of each other, 
the total of the yearly numbers of records by classes is great­
er than the overall total number. 
A large increase in the use of artificial insemination oc­
curred about 1950. This meant that bulls used then and later 
had many more daughters than those used previous to 1950. 
Therefore, the numbers of records made by daughters of the 
different classes of bulls are expressed as a percentage of 
all records for each year. Increased use of artificial in­
semination should not have an effect on the numbers of records 
per cow, particularly for the dams and grandams which repre­
sent a very highly selected group. For these females the ac­
tual number of lactations is plotted for the different classes 
by years. 
The classes are designated as follows : 
1. Daughters of bulls being studied 
2. Daughters of sires of study bulls 
3. Dams of study bulls 
4. Daughters of paternal grandsires 
5. Paternal grandams 
6. Daughters of maternal grandsires 
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7. Maternal grandams. 
Even with the use of artificial insemination, most bulls 
are about six years old before any substantial amount of in­
formation is available on the production of their daughters. 
Many of the sires of the study bulls were used artificially 
and naturally, whereas the grandsires were almost exclusively 
used naturally. 
Figure 2. Distribution of records made by daughters of the different classes 
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V. METHODS AND RESULTS 
A. Components of Variance 
Many analyses have been performed on dairy cattle data 
to determine the magnitude of the main effects causing varia­
tion in production. However, for the data used in this thesis, 
little was known about the sources of variation and their mag­
nitude. It was necessary to obtain estimates of several 
sources of variation in order to understand better the nature 
of the data. 
Reports of differences in production due to season of 
calving are numerous in the literature. Johansson and Hansson 
(1940) attributed 3.3% of the variance in butterfat production 
among cows to seasonal differences. This agrees with Plum's 
.(1935) estimate of 3.0%. 
The definition of season of calving is usually somewhat 
arbitrarily made by examining the distribution of production 
level classified by date when the calvings occurred. In this 
way, limits which fit the data can be placed on the seasons. 
Figure 4 illustrates the BCA level of milk production for 
39,052 lactations made from 1955 to 1957, classed by ten day 
intervals throughout each year. The production levels by date 
of calving are similar from year to year. 
Bereskin and Freeman (1961) found that the seasons April 
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to September, inclusive, and October to March, inclusive, 
yielded a larger component of variance due to seasons than 
several other seasons they investigated. Figure 4 shows that 
this same division of seasons fits the present case well. 
Accordingly, the seasons used in this analysis included the 
first 90 and last 95 days of the year (Season I) as one season 
and the middle 180 days as another (Season II). 
Of the 39,052 lactations, 22,628 or 58% of them commenced 
in Season I with the remaining 16,424 or 42% beginning in 
Season II. 
When bulls are used artificially over many herds under 
various environmental regimes, it is important to consider 
the possibilities of interactions between bulls* daughters 
and different environments. For this reason, the linear model 
used to describe a cow*s production was written as follows: 
xijklm=P*bi+hj+yk+s1-«-(bh)ij+(by)ik+(bs)i3+(hy)Jk+(hs) 
+ (ys)kl+eijklm* 
X.j jicim is the production of the m**1 daughter of the ith bull 
and calving in the j**1 herd, the k**1 year and the l**1 
season. 
/i is the population mean and thus is constant and common 
to all observations. 
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t>£ is the effect of the i**1 bull 
hj is the effect of the jth herd 
yk is the effect of the kth year 
Sj- is the effect of the l**1 season 
(bh)ij is the effect of the interaction between the i**1 bull 
and the j**1 herd 
(by)ik is the effect of the interaction between the ith bull 
and k**1 year 
(bs)ii is the effect of the interaction between the i**1 bull 
and 1^^ season 
(hy)jk is the effect of the interaction between the j**1 herd 
and k**1 year 
(hs) is the effect of the interaction between the j**1 herd 
and 1^ season 
(ys)ki is the effect of the interaction between the k**1 year 
and 1^^ season 
eijklm is the deviation of the daughter from the ijklth 
sire-herd-year-season group. 
The effect of the sire bj_ is the total of all influences 
which make the progeny of the i**1 bull different from the mean 
of all progeny groups. With increased use of artificial in­
semination, sires have daughters in many herds. Consequently, 
influences other than those directly attributed to the sire 
become less likely to be important sources of bias in estimates 
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of sire effects. Any which do exist and are not taken into 
account in the linear model appear in the sire effect. The 
direct influence of the sire is due to additive effects of 
genes and some effects due to interactions of single genes at 
different loci. 
The herd effect h; is the sum of the effects which make 
J 
the j**1 herd average different from the mean of all other 
herds. Differences among herds are due to variations in breed­
ing value as well as environments. The former may be due to 
differences in selection and chance while the latter are caused 
by variations in feeding and management from herd to herd. 
Year effects yk are almost completely environmental in 
nature. If a true genetic trend in production is present, 
then year differences may be due in a small part to average 
genie differences. However, the greatest fraction of the year 
effect is due to differences in feed, climate and management 
from year to year. 
Some of the seasonal variation may be genetic if genetical­
ly superior cows are bred to calve in one season while those 
of lesser merit calve in another. This is probably not a large 
effect in the population since it is dependent upon the herds­
man's ability to select cows on their breeding values and would 
require that many herdsmen have such abilities and the same 
desires. If herds which produce at a high level are also 
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genetically superior herds, a small part of the seasonal 
variability could be genetic, since Bereskin and Freeman (1961) 
found a higher proportion of winter calvings in high level 
herds than in low ones. 
The interaction terms are defined to be the extra effect 
of a particular sub-class over and above the simple effects 
involved. Some of these interactions might be classified as 
"genotype-environmental" whereas others are due strictly to 
differences in management over a period of time. Interactions 
between sires with herds, years and seasons (bh)^j, (by)£k, 
(bs)ii, may be considered as "genotype-environmental." 
Effects of e^are of several kinds. These include 
permanent and temporary environmental effects affecting a par­
ticular lactation and/or all lactations during a cow's life­
time. Genetic effects may be due to differences in genie 
merit of the dams of the cows in question and to Mende.lian 
segregation. In this model, e-j jklm also includes the effects 
of the second and third order interactions, since these were 
not computed separately. In these data one cow may have more 
than a single record which would cause some correlation among 
the e^among records of the same cow. 
The assumption is made that all elements of the model ex­
cept p are randomly and independently distributed with zero 
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p 2 o o 
mean and they are defined to have variances o^, cÇ, Og, 
2 ^ 2 2 2 2  2  
°bh' aby' abs' ahy' °hs' ays' and Qe* Unbiased estimates of 
the variance components can be obtained without further as­
sumptions regarding the distributions of the main effects. 
Some argument might be put forth on the validity of the 
variance component for seasons since the seasons were estab­
lished partly on the basis of what was found when the data 
were examined. Also, the validity of calling seasonal effects 
random variables may be questioned. However, the seasonal 
divisions are simply an attempt to eliminate environmental 
variation. Having some indication of the importance of 
seasonal effects, relative to the other sources of variation, 
is desirable. 
The data used to obtain estimates of the variance com­
ponents included 43,498 lactations which commenced within the 
period 1954 to 1958, inclusive. The milk and butterfat pro­
duction data used in the analysis were age-corrected lacta­
tions expressed as percentages of BGA. Average production by 
years and seasons is shown in Table 5. These data include the 
39,052 lactations used to establish the seasonal limits. 
The variance components were estimated by equating the 
mean squares to their expectations and solving for the esti­
mates. This generated eleven simultaneous equations with 
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eleven unknowns. 
Expectations of the uncorrected suras of squares were de­
rived from the model given. The coefficients for these ex­
pectations were computed from the'data and appropriate coef­
ficients for the corrected sums of squares and then the mean 
squares were obtained. 
Table 5. Average yearly and seasonal milk and butterfat 
production on BCA basis for 43,498 lactations 
BCA percentage 
Year No. lactations Av. milk Av. butterfat 
1954 81 101 103 
1955 7188 102 103 
1956 13420 100 101 
1957 18444 . 103 104 
1958 4365 104 104 
Season 
1 • 26756 104 105 
II 16742 99 100 
Overall 43498 102 103 
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The analysis of variance used to obtain the appropriate 
mean squares is given in Table 6. Coefficients for the ex­
pected values of the uncorrected sums of squares are in Table 
7. 
Table 6. Analysis of variance for milk and butterfat pro­
duction for 43,498 lactations 
Sums of squares Mean squares 
Source d.f. Milk Butterfat Milk Butterfat 
Total 43497 17797132 20746912 
B 5082 4881233 5969845 960.5 1174.7 
H 1096 5534631 6925876 5049.8 6319.2 
Y 4 109687 82960 27421.8 20740.0 
S 1 227412 267800 227412.0 267800.0 
BH. 10046 611982 205349 60.9 20.4 
BY 4955 1322795 1449816 267.0 292.6 
BS 2172 1458505 1519013 671.5 699.4 
HY 2206 940306 1101995 426.2 499.5 
HS 1069 404067 449989 378.0 420.9 
YS 4 18247 5894 4561.8 1473.5 
Remainder 16862 2488267 2768375 147.6 164.2 
Table 7. Coefficients of the expectations of uncorrected sums of squares for 
43,498 lactations 
2 2 2 2 2 2 2 2 2 2 2 2 
P °b °h y °s °bh by bs hy hs ys e 
Total 43498 43498 43498 43498 43498 43498 43498 43498 43498 43498 43498 43498 
Bulls 43498 43498 16411 18132 26290 16411 18132 26290 9054 11856 12168 5083 
Herds 43498 5309 43498 17575 24055 5309 2698 3564 17575 24055 10046 1097 
Years 43498 191 75 43498 23906 32 191 107 75 44 23906 5 
Seasons 43498 180 61 13835 43498 8 59 180 23 61 13835 2 
BH 43498 43498 43498 24684 32986 43498 24684 32986 24684 32986 21049 16226 
BY 43498 43498 18205 43498 28703 18205 43498 28703 18205 14690 28703 10042 
BS 43498 43498 17397 19733 43498 17397 19733 43498 9808 17397 19733 72 55 
HY 43498 7083 43498 43498 25939 7083 7083 5535 43498 25939 25939 3307 
HS 43498 6634 43498 18598 43498 6634 3847 6634 18598 43498 18598 2167 
YS 43498 197 82 43498 43498 17 197 197 82 82 43498 10 
Correc­
tion 
term 43498 178 59 13438 22902 7 57 96 21 32 7143 1 
60 
Absolute values of the estimates of the variance com­
ponents are presented in Table 8. These estimates are also 
expressed as a percentage, to facilitate comparisons with 
other studies. In cases where the absolute values of the es­
timates were negative, a value of zero was given in the per­
centage. The assumption was made that these effects were not 
properly accounted for either by inadequacies of the linear 
model or by failure to take into account existing correlations. 
Table 8. Estimates of components of variance for milk and 
butterfat production based on 43,498 lactations 
Absolute value Percentage 
Milk Butterfat Milk Butterfat 
Bulls 12.3 26.0 2.9 5.2 
Herds 110.7 139.3 25.7 27.8 
Years 2.0 . 1.5 0.5 0.3 
Seasons 10.1 12.3 2.3 2.5 
BH 1.6 -2.8 0.4 -
BY -9.8 -12.9 - — 
BS 52.2 51.7 12.1 10.3 
HY 13.2 17.4 3.1 3.5 
HS -0.4 0.3 - 0.1 
YS 2.1 1.3 0.5 0.3 
Remainder 226.2 250.4 52.6 50.1 
Total 430.4 500.2 
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Table 8 shows that the components of variance for milk 
and butterfat production are very similar. This is to be ex­
pected since the observed value for butterfat production is 
simply a function of milk production and butterfat test and 
both are expressed in the primary data as percentages of BCA. 
Also, the variance in butterfat production is much more 
largely determined by the variance in milk production than it 
is by the variance in test. With the present-day discrimina­
tion against fats of all types, butterfat production may re­
ceive less emphasis and milk production more emphasis in the 
future. For this reason, further analyses are performed on 
milk production only unless stated otherwise. 
Estimates obtained agree reasonably well with those in the 
literature computed for similar effects. Sundaresan and Free­
man (1961) found a much lower estimate for the herd component 
and a larger estimate for the herd x year interaction component 
for butterfat production. These differences may be reasonably 
explained by the" nature of the two sets' of data. Sundaresan 
and Freeman (1961) were working with only 12 herds, all reason­
ably large and all under one central administrative control in 
Iowa. 
Hickman and Henderson (1955), using DHIA data from New 
York, obtained slightly higher estimates for sire, herd, and 
sire x herd components for milk and butterfat production. 
Years and seasons were considered as year-season groups; hence 
the components cannot be compared directly with the estimates 
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obtained here. However, year-season effects contributed over 
4% of the total variance and herd x year-season interaction 
contributed over 14%. 
In the present analysis the magnitude of the bull x 
season interaction was difficult to explain. Sires could be 
used on genetically different groups of mates from season to 
season thereby contributing to the interaction component. 
Disproportionate numbers of daughters from one season to the 
other could also cause biases. This infers that some bulls 
are used heavily in one season whereas bulls of different 
genie merit are used heavily in another season. This would 
seem to be more likely to occur by chance than by choice of 
the breeders. The most plausible explanation of the large 
interaction component is that of the effects of non-orthogonal­
ity as a result of unequal numbers in the subclasses. 
An attempt was made to balance the data somewhat by se­
lecting fewer bulls with a larger number of daughters each. 
The restrictions placed on the data in this attempt were that 
a bull had to have daughters in all years from 1955 to 1957 
and in both seasons. Also these daughters must have been 
milked in at least three different herds. Data used for this 
analysis were selected from the previous sample. The 3671 
records by daughters of 61 bulls thus obtained averaged 101% 
BCA for milk production. 
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Average yearly and seasonal milk production for the samjie 
is given in Table 9. These means can be compared with those 
in Table 5 and indicate that the sample was reasonably 
"typical" if not strictly "random." 
Estimates of the components of variance were obtained 
for the same effects previously outlined in the linear model. 
These estimates are presented in Table 10 and are given as 
absolute values and percentages as before. 
Table 9. Average yearly and seasonal milk production on BCA 
basis for 3671 lactations 
BCA percentage 
Year No. lactations Av. milk 
1955 . 752 100 
1956 1266 98 
1957 1653 104 
Season 
I 2187 103 
II 1484 98 
Overall 3671 101 
64 
Table 10. Estimates of components of variance for milk pro 
duction based on 3671 lactations 
Absolute value Percentage 
milk milk 
Bulls 51.3 11.4 
Herds 119.9 26.7 
Years 10.0 2.2 
Seasons 10.1 2.3 
BH 12.4 2.8 
BY 10.8 2.4 
BS -0.6 -
HY -4.8 -
HS 19.9 4.4 
YS —0.3 -
Remainder 214.1 47.7 
Total 448.5 
In comparing Tables 8 and 10, it can be seen that the es-
timate for the sire season interaction component dropped from 
12.1% of the total variance in the large sample to essentially 
zero in the smaller sample. Also, the sire component in­
creased. The main reason proposed for"the large bull by 
season interaction in Table 8 was the non-orthogonal nature 
of the data. The reason for the increase in the sire com­
ponent of Table 10 is not clear, perhaps it was only a samp­
ling variation. 
Coefficients for the expectations of the uncorrected sums 
of squares, from which the component of variance in Table 10 
were computed, are given in Table 11. The analysis of variance 
is given in Table 12. 
Table 11. Coefficients of the expectations of uncorrected sums of squares for 
3671 lactations 
M2 °3b 4 4 <4 < 2 °bs < is <4 
Total 3671 3671 3671 3671 3671 3671 3671 3671 3671 3671 3671 3671 
Bulls 3671 3671 450 1448 1953 450 1448 1953 209 285 77 61 
Herds 3671 1954 3671 1828 2301 1954 1122 1436 1828 2301 1283 679 
Years 3671 139 16 3671 1908 8 139 7 16 10 1908 3 
Seasons 3671 133 15 1338 3671 8 51 133 7 15 1338 2 
BH 3671 3671 3671 2116 2802 3671 2116 2802 2116 2802 1815 1434 
BY 3671 3671 543 3671 192 543 3671 192 543 387 192 183 
BS 3671 3671 517 1477 3671 517 1477 3671 266 517 1477 122 
HY 3671 2167 3671 3671 2544 2167 2167 1767 3671 2544 2544 1266 
HS 3671 2282 3671 2026 3671 2282 1459 2282 2026 3671 2026 1065 
YS 3671 142 20 3671 3671 12 142 142 20 20 3671 6 
Correc­
tion 
term 3671 131 13 1335 1903 6 50 68 6 8 696 1 
I 
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Table 12. Analysis of variance for milk production for 3671 
lactations 
Source df Sums of squares Mean squares 
Total 3670 1583513 
Bulls 60 272436 4541 
Herds 678 757538 1117 
Years 2 25174 12587 
Seasons 1 18293 18293 
BH 695 24784 36 
BY 120 43173 360 
BS 60 24489 408 
HY 585 141492 242 
HS 385 130188 338 
YS 2 365 183 
Remainder 1082 145581 135 
B. Use of Deviations to Estimate 
Population Parameters 
Use of herd averages to remove the effects of environ­
mental differences among herds, years and seasons has been 
discussed previously. The 19,033 lactation records were ex­
pressed as deviations from their respective herd averages in 
the manner outlined. Each deviation was computed as follows: 
djki = xijk - k' 
nipq J* + ap 
nipq + a 
, where 
djkl 
Xijk 
= the deviation of the l**1 lactation of the kLU daughter th
of the j**1 bull 
= the age-corrected lactation production of the k th 
daughter of the j**1 bull and calving in the i**1 herd-
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year-season 
k* = the regression of a cow's production on her adjusted 
stablemate average (x). This was assumed to be .85 
based on the estimate reported by Heidhues e£ al. (I960) 
2 
a = the ratio of two variance components . This was 
°t 
computed from the data and found to be close to 2. 
ji = true population mean. Since all records were ex­
pressed as percentages, with 100% considered average, 
u was assumed to be 100. The actual average for 
43,498 lactations was 102%. 
nipq = the number of stablemates associated with the ap­
propriate lactation and x is the average of these 
stablemates. Since n^^ x is the total production 
of the stablemates, the total was used in the com­
putations. 
Operationally, the computed deviation may be written: 
djkl - xijk " *85 
nipqx + 200" 
nipq + 2 
Table 13 shows the distribution of numbers of records 
and mean production by years and seasons for the period 
studied. From Table 13 can be seen the increase in herd 
size as reflected by the number of stablemates. This is 
confounded somewhat with the increased use of artificial in­
semination, particularly from 1950 on. Paternal half-sisters 
of the cow in question were not included in the stablemate 
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average. Consequently, in herds using natural service where 
paternal half-sisters of similar age may have formed a large 
part of the herd, the number of other stablemates was small. 
With artificial insemination, several bulls may have been 
used in one herd and over a period of years. This would re­
sult in more stablemates for the comparisons, even though 
herd size did not change. 
Less than two percent of the records had no stablemate 
average with which to make comparisons. Thus, the loss of 
information was very small and presumably was more than off­
set by the increase, in accuracy. The reason for such a 
small loss in information was that all records were used in 
the herd averages. In cases where only first lactation pro­
duction.has been used for herd averages, considerable loss 
of information has occurred because so many paternal half-
sisters were contemporaries. 
In Figure 5 are plotted by years the means for the BCA, 
x and dj^2 of the records studied. Daughters of the 28 
study bulls were first recorded for production in 1952 and 
were not present in large numbers until 1953. Consequently, 
Figure 5 contrasts the last five or six years data, being 
more nearly a random sample of the population, with the data 
from earlier years being a more highly selected sample. 
Figure 5. Production averages for all relatives on an annual basis 
*4 no 
O I40r 
O 130 
90 
1940 194 5 1950 1955 
YEARS 
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The analyses of variance for the dams and grandams as 
well as daughters of the sires and grandsires are given in 
Tables 14 to 19 inclusive. Analyses were performed on both 
the deviations and actual BCA figires. In the latter analyses 
differences among herds were accounted for in the linear 
model. By examining Figure 2 and Figure 5, it can be seen 
that a change in selectivity existed over the years and that 
daughters of the different classes of bulls were milked over 
different time intervals. In order to estimate sire com­
ponents on a BCA basis, it would have been more logical to 
describe in the linear model an effect due to herd-year-
seasons. However, this would have made it impossible to 
estimate components within cows, since a cow only has one 
record per herd-year-season. 
Increased use of artificial insemination beginning in 
the late 1940*s must be considered in examining the analyses 
for daughters of the sires and grandsires. Of the 8522 
records made by daughters of the 21 sires, 8324 were made by 
daughters of 16 sires which were used artificially. The 
great majority of the 8522 records were made between 1949 
and 1958. Of the 6531 records made by daughters of the 
paternal grandsires, 4463 were made by daughters of 6 paternal 
grandsires which were used artificially. Only two of the 21 
maternal grandsires were used artificially. Daughters of 
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Table 13. Average milk production by years and seasons for 
relatives on BCA and deviation basis 
No. Av. no. ^ No. com- ^ 
Year records BCA stablemates x parisons jkl 
1939 1 137 1 99 1 +53 
1940 16 114 6 110 14 +21 
1941 28 128 3 109 27 +35 
1942 61 118 4 106 51 +27 
1943 113 117 5 108 105 +25 
1944 180 123 7 114 168 +28 
1945 222 119 8 113 218 +23 
1946 319 120 7 113 302 +24 
1947 373 118 7 114 364 +22 
1948 364 120 6 113 356 +23 
1949 461 123 9 116 437 +24 
1950 610 118 8 112 585 +23 
1951 892 110 9 107 872 +19 
1952 1114 109 10 106 1097 +19 
1953 1689 104 10 103 1666 +17 
1954 2551 103 11 102 2523 +16 
1955 3613 102 13 103 3577 +15 
1956 2582 99 11 100 2433 +14 
1957 3232 102 11 102 3215 +15 
1958 612 104 5 103 566 +17 
Season 
I 11798 107 11 105 11590 +17 
II 7235 103 9 102 7085 +16 
Over­
all 19033 105 10 104 18675 +17 
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Table 14a. Analysis of variance for daughters of sires— 
deviations 
Source of 
variation df Mean squares Expected mean squares 
Total 8404 
Among sires 20 11431. 6 a2t+2.69a?+385.33aj 
e1 c b 
Among cows/sires 4270 446. 5 o^,+1.96og 
Within cows 4114 154. 3 
c? = 28.2 
b 
4 = 149.1 nipq = 11 
of, = 1.05CT +.08o7+.05o >.05oC 
e e t c b 
4 of 
o?+o2+o2 , 
= .34 + .10 
= .49 Î .01 
Table 14b. Analysis of variance for daughters of sires—BCA 
Source of 
variation ' df Mean squares Expected mean squares 
Total 8521 
Among herds 1171 1247. 6 Og+1. 90a2+4. 
c 
42 c% 
Among sires/herds 1020 506. 5 of+l. 84a^+3. 26 
Among cows/sires/ 
herds 2469 411. 4 
"1*1. 79o^ 
Within cows 3861 150. 9 4 
4 
ah = 99,6 cZ = 27.0 b ojj = 145.5 
4 ab 
= .33 
°c+ae 
= .49 
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Table 15a. Analysis of variance for dams--deviations 
Source of 
variation df Mean squares Expected mean squares 
Total 140 
Among cows 23 2885.7 o2t+5.84o2 
Within cows 117 419.6 o2, 
e1 
<4 = 422.3 nipq = 10 
ae1 
= 1.05a2+.09a2+.05a2 
oW, " " -io 
c e1 
Table 15b. Analysis of variance for dams—BCA 
Source of 
variation df Mean squares Expected mean squares 
Total 147 
Among herds 29 3074.2 a2 + 3.85o2+ 4.79o^ 
Among cows/herds 7 993.4 o2 + 4.40a2 
e c 
2 Within cows 111 582.9 a. C 
a2 = 359.4 o2c - 93.3 
ac 
= .14 
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Table 16a. Analysis of variance for daughters of paternal 
grandsires—deviations 
Source of 
variation d.f. Mean squares Expected mean squares 
Total 
Among sires 
Among cows/ 
sires 
Within cows 
6396 
15 19384 .4 of.+3 .60 a2 c 
2848 526 .7 •23°c 
3533 178 .3 2 ae1 
a2 = 48.5 
b 
a2 = 156.2 nipq " 10 
o" = 1.05a2+.08a++.05a?+.05a2 
e* e t D c 
4 a: 
2 _ 
» 
2 
+^0c+0f-
= .51 t .16 = .47 Î 
.01 
Table 16b. Analysis of variance for daughters of paternal 
grandsires—BCA 
Source of 
variation d.f. Mean squares Expected mean squares 
Total 6530 
Among herds 898 1712.9 o2 +2.Ola2 +5.820% +7.05a| 
Among sires/herds 354 762.5 a2 +1.94o2 +3.59a^ 
Among cows/sires/ 
herds 1978 464.7 a^ +2.04o^ 
Within cows 3300 173.4 o^ 
e 
ag = 130.5 a| = 86.9 a2 = 142.8 
4ab ac 
= .86 C = .45 
o2+o^+o2 ac+ae 
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Table 17a. Analysis of variance for paternal grandams— 
deviations 
Source of 
variation df Mean square Expected mean square 
Total 103 
Among cows 22 1842.3 Ogt+4.48o| 
Within cows 81 709.6 % 
°3c = 252.8 nipq = 10 
2 
°e 
, = 1.05o® + .08o++ .05of T v 
01 
2 o ~ .26 Î .11 
ac+°ï' 
Table 17b. Analysis of variance for paternal grandams—BCA 
Source of 
variation df Mean squares Expected mean squares 
Total 
Among herds 
Among cows/herds 
Within cows 
107 
22 1953. 6 o|+3.75ac+4.57ah 
5 1566. 5 0^+4.05Cc 
80 748. 3 
< = 98.0 — 202.0 
.21 
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Table 18a. Analysis of variance for daughters of maternal 
grandsires—deviations 
Source of 
variation df Mean squares Expected mean squares 
Total 3347 
Among sires 19 4149.2 Og,+4.36a^ 
Among cows/sires 1284 652.8 o2,+2.54c2 
Within cows 2044 200.1 
4- 19.9 •4'-178.2 Dipq = 
°f«a 1.05Og +.09o^+ .05ac+.05a| 
4% . ... Oc 
= .20 Î .07 ——— = .47 i .02 
Table 18b. Analysis of variance for daughters of maternal 
grandsires—BCA 
Source of 
variation df Mean squares Expected mean squares 
Total 3447 
Among herds 555 1857.8 Og+2.26a^+5.40cr^+6.16ah 
Among sires/herds 90 1044.0 o2+2.48c2+4.72cfo 
Among cows/sires/ ~ 
herds 910 628.4 o|+2.16a^ 
Within cows 1892 203.8 
cj* = 130.9 = 74.7 o\ = 196.6 
—9—- = .63 —;—9 = .49 
az+cr+o2 cr+o* b e e  c e  
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Table 19a. Analysis of variance for maternal grandams— 
deviations 
Source of 
variation df Mean square Expected mean square 
Total 76 
1034-6 ; Among cows 21 . o^,+3.42cr^ 
Within cows 55 364.3 a . 
e1 
°c = 196-° nipq = 7 
Cg, = 1.06Og+.12ot+.06Oc 
ac 
• +^o2 ~ * 3 5  -  - 1 3  
Table 19b. Analysis of variance for maternal grandams—BCA 
Source of 
variation df Mean squares Expected mean squares 
Total 79 
Among herds 28 996.3 Cg+2.570^+2.710% 
Among cows/herds 2 133.1 Og+2.10o^ 
Within cows 49 397.1 
4 = 301.9 Oc = -85.2 
CTc 
2 
not estimated. 
°l*<à 
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these two bulls made 1172 of the 3448 records of daughters 
of all maternal grandsires. 
Analyses of variance were performed on the deviations 
to obtain estimates of the parameters to be used in estab­
lishing the index. For the deviations, all components of 
variance "within cows" are compound quantities as illustrated 
2 2 2 in Tables 3 and 4. The small amounts of cr^, oc, crb and ex-
2 tra ce are present because the regressed adjusted stablemate 
$ 
average (x) is an estimate of the genetic merit of the true 
stablemate average and as such depends on the number of 
stablemates and the estimated genetic differences among 
herds. With 10 stablemates in the comparisons and an esti­
mate of .85 for k*, the fractions of the variances in a2t 
2 2 2 
are 1.05oe, . OSo^,. .05cc and for daughters of sires and grand-
2 
sires .05o^. These upward biases for the "within cow" com­
ponent are small and lead to more conservative estimates of 
the parameters. The estimates of components of variance for 
sires and cows would be unbiased if the number of stable-
mates n^£pq) were constant for all lactations. The component 
of variance for sires is the variance among the means of 
half-sister families; thus, estimates the phenotypic variance 
of half sibs which is one-quarter of the genie variance. The 
component for "cows within sires" contains three-quarters of 
the genie variance, all of the dominance variance and all of 
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the variance due to interactions among non-allelic genes, as 
well as any permanent environmental influences present 
throughout a cow's lifetime. This is the most plausible ex­
planation for the differences in the components for sires and 
"cows within sires" in Tables 14, 16 and 18. In Tables 15, 
17 and 19 the components for cows contain all of the additive 
variance as well as that due to dominance, epistasis and 
permanent environmental effects. Heritability estimates 
were four times the paternal half-sister correlations. Samp­
ling errors which may be present in the estimates are magni­
fied as are any common environmental effects.peculiar to a 
sire group and not properly accounted for in the linear model. 
Repeatability estimates were computed for the dams and 
grandams, as well as for the daughters of the sires and grand­
sires. These are the correlations among records for the same 
cow and when used the assumption is made that the variances 
and covariances of lactations made at different ages are 
equal. The dams and grandams were nearly all by different 
sires. Hence, it was not possible to remove sire effects 
in the linear model. Due to the small number of degrees of 
freedom and the highly selected nature of the data, the esti­
mates for the dams and grandams cannot be regarded as reli­
able. Estimates obtained from dams and grandams might be ex­
pected to be lower than those obtained from daughters of 
sires and grandsires because dams and grandams each had a 
81 
substantial number of records. Thus, the effects of con-
secutivity in making their records similar were reduced. 
Daughters of bulls had on the average about two records each. 
Thus repeatabilities were based almost completely on con­
secutive records. This would have biased upwards the esti­
mates obtained from their records. 
Little is known about the distributions of components df 
variance or ratios of the components, Osborne and Paterson 
(1952). If it is assumed that the ratios used to estimate 
heritability and repeatability are normally distributed, ap­
proximate confidence limits can be computed for the estimates 
at a specified level of probability. The estimates for the 
deviations of various classes and their approximate .95 con­
fidence intervals are given as follows: 
Class Heritability Confidence Repeatability Confidence 
interval interval 
2 .34 (.14-.54) .49 (.46-,52) 
3 .50 (.18-.82) 
4 .51 (.19-.83) .47 (.44-.50) 
5 .26 (.05-.47) 
6 .20 (.06-.34) .47 (.44-.50) 
7 .35 (.08-.62) 
The confidence intervals are at best a rough approximation 
since the distributions are unknown and the existing compu­
tational procedures are based on equal subclass numbers. How' 
ever, they do indicate that the apparent differences among 
the estimates for the various classes could largely be due to 
sampling variation and inadequacies of the models used to 
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describe the situations. 
The estimates based on the deviations are for inter-herd 
use over a population. These estimates are necessary in an 
artificial insemination program for the initial selection of 
young bulls on their relatives' phenotypes and for the final 
selection based on progeny tests of the bulls themselves. 
Intra-herd estimates based on actual BCA production are in­
cluded strictly for comparison and will not be considered 
further. 
C. Indexing Bulls 
Breeding values of 28 bulls were predicted using the 
index procedure described in Section III, B, wherein informa­
tion available on the parents and grandparents was used. To 
proceed with the indexing* the expected correlations among 
the different phenotypic averages had to be evaluated. These 
correlations were computed from the variance components ob­
tained from the data. As previously discussed, the herita­
bility estimates obtained for the different pedigree classes 
, were based on very few degrees of freedom among sires ; thus, 
they were subject to considerable sampling error. In fact, 
the approximate confidence intervals indicated that perhaps 
most of the apparent differences among the estimates could 
have been due simply to sampling. A more reliable estimate 
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of heritability, as far as concerns sampling variance, was 
obtained from Table 8. This estimate was based on over 5,000 
degrees of freedom among sires. The estimate was four times 
the sire component divided by the sire component plus the 
remainder component. The actual value of this estimate was 
.207 and with standard error so small as to be inconsequen­
tial. Estimates of repeatability were very similar from 
analyses based on daughters of the sires and grandsires and 
were much more reliable than the heritability estimates based 
on progeny differences among the sires or grandsires. For 
this reason, a single repeatability estimate of .476 was ob­
tained and used throughout, although it contained more con-
secutivity than would be among records of cows who had three 
or more records each. 
Computing the expected correlations among individuals 
becomes simple if the correlations among the phenotypes and 
genie values are first calculated. Phenotypic correlations 
are dependent upon environmental correlations, heritability, 
repeatability and the number of observations making up the 
phenotypic averages. Assuming that the environmental cor­
relation, heritability and repeatability are constant, only 
the number of observations could influence the correlation. 
Numbers of daughters have much more effect on the correla­
tion between a sire's genie value and his daughter's average 
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than do numbers of records per daughter. From Section III, 
B, the correlation between the sires genie value (G%) and 
the average of m daughters P^, ignoring the number of records 
per daughter, is: 
Gbpb ~ 2\^+(m-l)t 
where t is the paternal half-sister correlation.\ This was 
computed from the variance components and found to be .052. 
If the correlation between paternal half-sisters is wholly 
genie, then 4t = h . However, under any real circumstances 
there is almost bound to be some environmental correlation 
between half-sisters. Then, considering t to consist of a 
genie portion g and an environmental portion e, t = g + e 
and 4(t - e) = h^. Assuming that e is zero, the correlation 
between a bull's genie value and his daughters i^m+l%T33 -
However giving limiting e values of .01 or .04, the corre-
lations are^g^Z^Z and^,  ^ respectively. 
These correlations illustrate that any environmental corre­
lations at all can limit the usefulness of increased numbers 
of progeny in estimating breeding worth of sires. The ex­
pected correlation between the genie value of a cow and the 
average of her n records is: 
and in this case can be 
m t, ~ ' 
_ / nh2 
rGcPc Vl+(n-l)r 
expressed as / n 
V2.53+2. 3 On 
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Table 20 shows the expected correlations and regressions 
for sires with different numbers of observations and environ­
mental correlations between half sibs of 0, .01 and .04. 
Correlations and regressions for cows with different num­
bers of records are also shown. In this thesis, the cor re 
lation between paternal half-sisters was assumed to be com­
pletely genetic and the correlations from the first column 
of Table 20 were used throughout. In order to evaluate the 
expected correlation between the daughters of a sire and 
the daughters of a paternal grandsire (rpgp^), the correla­
tion is considered as follows: 
rP2P4 = rP2G2 rG2G4 rP4G4 "here rG2G4 equals one-
half and fpgGg and rp4G4 are obtained from the tables. 
Consanguinity was not considered important enough to 
have much effect on the correlations. Some inbreeding did 
exist in the pedigrees studied, but it was not intense. 
An example of the index calculated under the assumptions 
is given here. In this hypothetical case all bulls have 50 
daughters and the dam and grandams have 5 records each. 
I = 88.70 +.33P2 +.14Pg +.06P4 +.03P^ +.13P^ +.06P? 
A detailed description of the procedures is given in the 
Appendix. 
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Table : 20. Expected correlations and regressions for sires 
with different numbers of daughters and cows 
with different numbers of records 
m e = 0 h2= .207 e = .01 h2= .168 e= .04 h2=.04 
r<Vb b<h?b % % % 
1 .227 .052 .204 .042 .110 .012 
2 .314 .098 .283 .080 .152 .023 
3 .375 .140 .338 .114 .182 .033 
4 .423 .179 .381 .145 .205 .042 
5 .463 .214 .417 .174 .224 .050 
6 .496 .246 .447 .200 .239 .057 
7 .526 .276 .473 .224 .253 .064 
8 .551 .304 .496 .246 .265 .070 
9 .574 .329 .517 .267 .276 .076 
10 .594 .353 .535 .286 .286 .082 
15 .671 .450 .603 .364 .322 .104 
20 .722 .522 .650 .422 .348 .121 
25 .760 .577 .683 .467 .366 .134 
30 .788 .620 .709 .502 .379 .144 
35 .810 .656 .729 .531 .390 .152 
40 .828 .686 .744 .554 .399 .159 
45 .843 .710 .758 .574 .405 .164 
50 .855 .732 .769 .591 .411 .169 
100 .919 .845 .826 .682 .442 .195 
200 .957 .916 .860 .739 .460 .212 
300 .971 .942 .872 .760 .467 .218 
400 .978 .956 .878 .771 .470 .221 
500 .982 .965 .882 .778 .472 .223 
600 .985 .971 .885 .783 .473 .224 
700 .987 .975 .887 .786 .474 .225 
00 1.000 1.000 .898 .806 .481 .231 
n h2=.207 r =.476 n h2= .207 r=.476 
% rGc?c bGc?c 
1 .455 .207 6 .606 .367 
2 .529 .280 7 .612 .375 
3 .564 .318 8 .618 .382 
4 .583 .340 9 .622 .387 
5 .597 .356 10 .625 .391 
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From the first column of Table 20 it can be seen that 
50 daughters of a bull or 5 records on a cow give good esti­
mates of genie values. Thus, in the index presented, the 
paternal grandparents contribue little information. Due to 
the rather high repeatability, additional records on the dams 
or grandams do not contribute much additional information. 
The correlations here are limited by heritability and re-
peatability and hence will not be as large as those that can 
be obtained between a sire and his daughters, particularly 
when a sire is used heavily in artificial insemination. 
The maternal grandsire can contribute a substantial amount 
of information to the index. In any event, it is useful to 
include the grandparents in order to accommodate the cases 
where little information is available on the sire or dam. 
If an attempt is made to improve genie merit by selec­
tion on phenotype, the success of selection is dependent 
upon the correlation between genie worth and phenotype. In 
the present case, the correlation is obtained from the square 
root of the sum of the products of the standard partial re­
gression coefficients with the correlations between the re­
spective ancestor and the bull being indexed. Kempthorne 
(I960) referred to this correlation as a measure of the "ef­
ficiency" of a predictor. For the example R = .550: this 
indicates that the example index predicts a bull's genie 
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value about as well as eight daughters of the bull himself. 
The genie values of the 28 bulls as estimated: (1) by 
their ancestors and collateral relatives only and (2) by 
their progeny only are shown in Table 21. For the bulls 
studied, the information on the daughters was about one and 
one half times as "efficient" as the pedigree information. 
That is, improvement in the breed average genie level would 
be about one and one half times as much if bulls were selec­
ted on D as if they were selected on I. This does not con­
sider that I could be observed about six years earlier than 
D and with much less expense, or that I and D could be com­
bined. The number of daughters per bull varied widely, 
actually being less than 30 in six cases and less than 20 
for three bulls. The product moment correlation computed 
between the two sets of estimates was .32, but this value is 
highly uncertain as it rests on only 26 degrees of freedom 
and some of the observations are based on small amounts of 
data. The sample variance for the index (25.77) was slightly 
higher than that for the daughters (19.01) but not statis­
tically significant. 
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Table 21. Estimates of breeding value for 28 bulls 
Index Daughters No. daugh-
Bull only Rj only RQ ters Rq/Rj 
1 101.4 .599 100.5 .896 74 1.50 
2 114.8 .580 103.2 .968 287 1.67 
3 107.5 .605 101.6 .866 54 1.43 
4 103.2 .605 95.4 .787 32 1.30 
5 116.0 .596 110.0 .931 119 1.56 
6 110.4 .544 95.4 .950 175 1.75 
7 110.1 .533 99.0 .931 117 1.75 
8 103.7 .602 99.8 .953 183 1.58 
9 101.2 .548 87.5 .912 92 1.66 
10 98.6 .588 104.3 .866 56 1.47 
11 105.7 .597 101.9 .866 57 1.45 
12 119.0 .480 101.8 .713 19 1.49 
13 108.9 .578 104.4 .982 453 1.70 
14 113.3 .587 100.4 .971 295 1.65 
15 106.1 .518 102.1 .810 35 1.56 
16 110.6 .581 104.0 .919 99 1.58 
17 107.8 .578 102.0 .810 36 1.40 
18 108.0 .591 100.3 .968 277 1.64 
19 108.3 .498 94.3 .760 26 1.53 
20 103.7 .605 103.2 .704 18 1.16 
21 102.7 .490 101.9 .760 26 1.55 
22 116.4 .592 101.6 .890 70 1.50 
23 113.3 .587 98.7 .985 618 1.68 
24 107.3 .486 99.2 .023 1 0,05 
25 110.7 .591 97.2 .760 25 1.29 
26 103.0 .580 91.4 .856 50 1.48 
27 105.4 .576 99.8 .915 96 1.59 
28 105.7 .588 100.7 .926 110 1.57 
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VI. DISCUSSION 
Use of herd averages has been widely advocated to cor­
rect such differences among lactations as are caused by 
variation among herds. The assumption is usually made that 
all of the differences among herds are environmental. The 
intra-sire regression of the daughter of a bull used arti­
ficially on her stablemate average can be used to estimate 
the amount of genetic differences among herds. The value of 
this regression assumed for the present study was .85 based 
on reports from the literature and some previous research. 
Computational procedures made it difficult to obtain an actu­
al estimate before deviations were obtained. According to 
Pirchner and Lush (1959) this estimate would yield an esti­
mate for genetic differences among herds of .30. It was 
possible in the latter stages of the analysis to obtain an 
estimate of inter-herd genetic differences based' on daughters 
of the study bulls. The regression in this case was that of 
a daughter's BCA production on her adjusted herd-year-season 
stablemate average. Results of the analysis are as follows: 
Source of variation df Variance Covariance 
Total 5787 107.7 84.4 
Among sires 27 1609.2 -2055.1 
Within sires 5760 100.6 94.5 
This yields an estimate for the regression of .94 based on 
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5,760 degrees of freedom. If heritability is computed as 
2[l-kf] an estimate of .12 is obtained which is quite similar 
to that quoted by Pirchner and Lush (1959). 
The type of deviation used in this thesis is one of 
many being used to evaluate breeding values. VanVleck el: 
al. (1961) indicated that this type of deviation was less 
variable than the several other types of deviations studied. 
This property, coupled with unbiasedness seem desirable. 
Using the variance components computed in the thesis and the 
formula for the variance given on page24 an estimate of 416 
was obtained for the variance of a single deviation, assuming 
10 stablemates per record. The expectation of a deviation 
was +15 percent BCA. Thus the deviations have a mean of 15 
percent BCA with a standard deviation of 20.5 percent BCA. 
The data from the pedigrees of the 28 bulls had an average 
deviation of 17 percent BCA and were slightly skewed towards 
the upper tail of the distribution. 
Henderson elt al. (1954) have shown that the "best" esti­
mate in a statistical sense of a cow's real producing ability, 
based on a single lactation, is given by her actual produc­
tion minus the regressed deviation of her herd-mates from 
the average of all herd-mates in a specified population. 
This estimate may be developed and written in the terminology 
of this thesis as: 
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Producing ability = xi - k'fx — - juJ 
= k'AJ +xijk - xiy 
= + djkl 
Since k'^ is a constant, only djkl need be considered in 
estimating producing ability when different numbers of 
stablemates are involved. The above estimate is for a 
single lactation of a cow. When breeding value is estimated 
from the mean of several records on a cow then repeatability 
and heritability must be taken into account. In equation 
form the "best" estimate of a cow's breeding value based on 
n records is: 
EBV = » * 2.53 + 2.30n + ^ jk." ^  
which can be rewritten 
n 
1 + 
2.53 + 2.30n [k« - 1] + 2.53 + 2.30n djk. 
For a sire with m daughters and ignoring the number of records 
per daughter, the "best" estimate of breeding value is 
EBV = >i 
m 
1+ 
m + 18.35 
[k«- 1] 
m 
m + 18.35 
These values were used to calculate the expected breeding 
values in Table 21 of the 28 bulls studied. 
Yearly and seasonal differences seemed to contribute 
little to the variation among records. However, if definite 
trends in production exist over a period of years, then such 
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systematic yearly differences can bias the estimates of sire 
components of variance even within herds. This was made 
evident in Tables 14, 16 and 18 where, even with few degrees 
of freedom for sires, the components for sires within herds 
tended to be higher than those obtained from the herd-year-
season deviations. This was particularly true where sires 
in a specific pedigree class had daughters milked over the 
entire period studied. The components estimated for cows 
within sires were much more similar, as would be expected, 
since the time interval over which daughters of one bull 
were milked would nearly always be less than the total study 
period. 
In order to establish the necessary correlations used 
in the index, two parameters had to be estimated. These 
were heritability and repeatability. The former was obtained 
by multiplying the paternal half sister correlation by four. 
The latter was calculated as the intra-class correlation 
among records on the same cow. Heritability estimates based 
on paternal half-sister correlations can be in considerable 
error if effects exist which cause systematic differences 
among the progeny groups of different sires. Increasing the 
number of daughters per sire will not reduce this type of 
bias but will reduce errors which may exist because of dif­
ferences from daughter to daughter within the same sire group. 
Any biases which do exist among progeny groups are multi­
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plied by four when heritability is estimated. Large numbers 
of sires should reduce the importance of biases among progeny 
groups. In the present case, the heritability estimate was 
obtained from over 5,000 sires and included records made 
over only a five year period. Thus, effects of biases among 
progeny groups and those due to long time trends were probab­
ly minimized. If the estimate of .207 which was obtained is 
correct and paternal half sisters have nothing in common 
except the genes which they inherited from their sire, then 
increasing the number of daughters will improve the accuracy 
of the estimate of the breeding worth of that sire. On the 
other hand, if repeatability really is as high as .476, then 
only moderate increase in accuracy of estimates of breeding 
values of cows can be achieved by increasing the number of 
records per cow. Most of that which can be done will be ac­
complished with the second record or, at most, with the third. 
For practical purposes, once a cow has three or four 
records or a bull has 40 to 50 daughters, little is gained 
by waiting for additional information. These values may both 
appear rather high. However, in pedigree selection consistent­
ly good production is a desirable attribute of the direct 
female relatives. In fact, for many persons actively engaged 
in pedigree selection these values would form a minimum. A 
time interval of about six years occurs between the time a 
bull is born and production information is available on his 
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daughters. From past experience in artificial breeding, 
once a bull's first daughters furnish some production in­
formation, a substantial number of daughters will furnish 
information within a short period. Thus, requiring 40 to 
50 daughters is perhaps not too restrictive. This can be 
applied to many privately owned, bulls also, because breeders 
who are using the bulls in their own herds sell semen to 
other herd owners. 
In establishing the selection index, it is essential to 
clarify the purpose for which the index is to be used. The 
Mendelian mechanism sets definite limits on the accuracy of 
predicting breeding values for single bulls from information 
on ancestors and collateral relatives, even if genie values 
of those relatives could all be determined correctly. On 
the other hand, prediction of average breeding value for a 
group of bulls is not thus limited. Operators of artificial 
insemination cooperatives constantly receive numerous pedi­
grees for young bull calves or even for calves not yet born. 
Some method of dividing these calves into groups based on 
their pedigree estimates of breeding worth is needed serious­
ly, as only a small fraction of these can actually be bought 
and progeny-tested. This need has been felt especially be­
cause many of the pedigrees come from little known herds 
where the herd owner has mated what he thinks are his best 
cows artificially to bulls known or supposed to be of superior 
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merit. Many such potential bulls have been ignored in the 
past simply because the herd was not advertised and widely 
known. This index procedure was developed to provide some 
way to rank bull calves on their pedigree information, so 
that the fraction most likely to be superior sires could be 
investigated more closely and if still apparently superior, 
could be entered into a young sire sampling program. 
The present index considered only one economically im­
portant characteristic, that of milk production. Physical 
appearance or type may be considered important enough to in­
clude in an index. If consideration of type is given equal 
or more weight than production, the reach for production is 
severely restricted. Perhaps for the commercial dairyman 
desiring cows that can forage for themselves and which are 
conducive to efficient milking, the desirability of good 
udder conformation and strong feet and legs' are important 
enough to warrant consideration of this by those who pick 
bulls for the studs. Good temperament and easy milking 
qualities are also important to the commercial dairyman. 
Enough genetic variability among these characters appears to 
exist in dairy cattle populations to merit some consideration 
when selecting young bulls for artificial use. Milk produc­
tion still provides the greatest source of income for dairy 
farmers. Considering other characteristics reduces the chances 
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available to select for increased production. Thus, the 
major portion of selection ability should be devoted to milk 
production, with other characteristics playing a less im­
portant role. This is particularly true for groups of young 
sires going into sampling programs. After the young sires 
have progeny, they can still be selected on a combination of 
characteristics. However, it is essential to put into a 
sampling program a group of bulls as good as possible gen­
etically for production. 
Most operators of artificial insemination organizations 
realize that the costs prevent their testing enough young 
bulls to make maximum genetic progress. However, most units 
have ample opportunity to make pedigree selection and most 
spend much time doing so. The findings of this thesis in­
dicate that pedigree estimates can be about as useful for 
predicting breeding values for milk production as nine or 
ten daughters of a bull. However, this assumes that no en­
vironmental correlations exist among paternal half-sisters. 
In actual practice, pedigree estimates might be as useful as 
five or six daughters in predicting breeding values. Pedi­
gree information is available at or before the time selec­
tion has to be made and costs a very small fraction as much 
as producing and testing nine or ten daughters. Even ex­
cluding sons of first or second calf heifers or of bulls with 
less than 20 daughters does not limit the possible intensity 
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of selection by artificial insemination units as much as it 
would limit the average intensity of selection by a large 
group of breeders using natural service, simply because 
fewer bulls are required for use artificially. 
Using deviations to correct for differences among herd-
year-seasorrs, the overall estimate of breeding value based 
on the pedigree index was 108% BCA; for the daughters the 
estimate was 100% BCA. One explanation given for the higher 
pedigree estimate is the selectivity present in the pedigree 
data. When the bulls were grouped by associations the num­
bers were very small but there was some indication that dif­
ferent units varied in their abilities or desires to select 
for high breeding values for milk production. In some areas 
of Ontario, many cattle are exported annually as springing 
heifers. Since these heifers are untested themselves and 
most of them come from untested herds, they are purchased at 
least partially on their type. Breeders in these areas prob­
ably pay more attention to type often at the expense of some 
production. The intra-unit correlation coefficient between 
index and daughter estimates was .36 based on 20 degrees of 
freedom. 
In the index, the amount of information that can be ob­
tained from the dam is restricted by low heritability and 
high repeatability. Also, dams of bulls are usually treated 
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preferentially and no certain method can be applied to cor­
rect for this. For these reasons it may be useful to in­
clude records made by daughters of the dam and to consider 
the dam and her daughters in a family average. A few tabular 
values could be derived which would cover most daughter-dam 
combinations. The means of the daughters and dam would form 
a composite which would be used in the equations for index­
ing bulls. If the daughters of a dam were included, not 
only would the accuracy of the expected correlation between 
phenotype and genie worth be increased, but also the effects 
of preferential treatment would be reduced particularly if 
the dam had several daughters. 
The present index is an attempt to enable the sire se­
lection personnel to weigh the pedigree production informa­
tion available more objectively. It is a rough guide for 
selection and considers only milk production. For these 
reasons it may be rather restricted in its application. How­
ever, even under the simplifying assumptions made here, the 
computations involved may be found tedious. To include many 
more characteristics in an index would lead to such complex­
ity that usefulness would definitely be restricted. The 
writer feels however that sentimentality often overrules ob­
jectivity when selecting young bulls for productive perform­
ance. This index is merely an attempt to keep the two in 
100 
their proper perspective. Indexes of similar nature have 
been derived by Legates and Lush (1954) for cows and by 
Heidhues e£ aJL. (1961) for young sire selection. 
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VII. SUMMARY 
Data for this study consisted of the milk production in­
formation for the parents and grandparents, as well as the 
daughters, of 28 Holstein Friesian bulls used artificially in 
Ontario. A total of 19,033 lactations made from 1939 to 
1958 were included. When these lactations were expressed as 
deviations from regressed adjusted herd-year-season stable-
mate averages, the number of observations was reduced to 
18,675. The average number of stablemates in a herd-year-
season group was 10. 
Causes of variation in milk production were investi­
gated in 43,498 lactations, part of which were independent 
from the above data. Components of variance for bulls, herds, 
years, seasons and their first order interactions were esti­
mated by the analysis of variance for cross classification. 
Variation among sires accounted for 3%.of the total variance 
based on 5,082 degrees of freedom. Differences between herds 
accounted for 26% with 1,096 degrees of freedom. Years and 
seasons accounted for 1% and 2% with four and one degrees of 
freedom, respectively. The component for sire x season inter­
action accounted for 12% of the total variance with 2,172 
degrees of freedom. Further investigation indicated that 
this was due to the disproportionate use of sires in the two 
seasons. 
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Analyses of variance for the parents and grandparents 
on the deviations and BCA production indicated that the de­
viations were effective in removing biases due to time trends 
within herds. Because the degrees of freedom used to esti­
mate sire components were few, reliable estimates of herit-
ability could not be obtained. A pooled repeatability esti­
mate of .476 based on lactations of 7,170 cows was calculated. 
This.estimate and a value for heritability of .207, calculated 
from the variance components, were used to calculate the ex­
pected correlations for the selection index. 
Correlations among the different classes were derived 
following the theory of path coefficients. These values were 
used in the index equations. For the index itself, informa­
tion on the parents and grandparents was used to estimate a 
bull's breeding value. Additional correlations among the an­
cestors due to consanguineous matings were ignored, as those 
were few and mild. 
Comparison of estimated breeding values based on daugh­
ters * production with index estimates indicated that for the 
bulls studied the former estimates were about one and one-
half times as efficient as the latter. The product moment 
correlation between the -two types of estimate for 28 bulls 
was .32 but with the degrees of freedom so few, the 95% con­
fidence limits are necessarily wide. The biology of the 
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situation suggests that this value for the correlation would 
not change greatly with increased numbers of bulls studied. 
Estimates based on pedigree information were about as 
efficient as eight or nine daughters in estimating breeding 
values. However, the assumption was made that all of the 
correlation among paternal half-sisters was genie. 
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X. APPENDIX 
To illustrate the actual procedures used in computing 
the index for a particular bull, consider the example index 
where all bulls have 50 daughters and all cows have 5 records 
each. The expected' correlation between the average of 50 
daughters and the genie value of the bull is .855 from column 
one of Table 20. Also from column one of Table 20, the ex­
pected value of the correlation for the cow is .597. The 
correlations among averages of different relatives can be 
expressed in tabular form when genie relationships are con­
sidered: (The jB1 s are the values which maximize the corre­
lation between the predicted and actual breeding value). 
^P* = 2 rPgGg = -5(.855)(.855) = .3655 
rP2Ps = f rpgG? rP5G5 = •5(.S55)(.597) = .2552 
fPgP^ = ^ rp^G, = .5(.5S7)(.855) = .2552 
rp^Py = z ZPjG] rp?G? = .5(.597)(.597) = .1782 
rPzGi - ? rPaGz .4275 r?5G1 " i rP5G5 ~ -1492 
.2985 rp^ Gi - t rP6G6 ~ -2138 
rI)4G1 " * rP4G4 " "2138 rp^ - f rP7G? ~ .1492 
110 
f2 P] ^4 25 
0 0 
3655 1  
2552 0 
0 0 
.3655 .2552 
0 0 
0 0 
0 1 
0 0 
0 0 
0 
2552 
0 
0 
1 
0 
c 
.1676 
0 
0 
0 
1 
4274 
2985 
2138 
1492 
2138 
1492 
0 .2552 
.1782 
The J3's may be obtained by algebraic substitution using the 
formulas given in the thesis. 
.4275 -( .3655X.2138)  - (  .2552)  ( .  1492)  
G -  = .3806 
2  1 -  ( .3655) 2  -  ( .2552)2 
= .2985 -( ( .2552X.2138)  -  ( .  1782)  ( .  1492)  
^3 1 -  ( .2552)2 -  ( .1782)2 - 2 4 0 6  
= .2138 -  (  .3 .806)(  .3655)  = .0747 
P 5  = .1492 -  ( .2552)( .3806)  = .0521 
P 6  = .2138 -  ( .2406)( .2552)  = .1524 
= .1492 -  ( .2406)( .1676)  = .1089 
The relative importance of the different relatives can be 
expressed in score card form using the fi's. It is proper 
to use the £'s rather than the b's because a unit of varia­
tion in actual measure would be a bigger share of the stand­
ard deviation in a rather uniform variable than in a variable 
which had a wide standard deviation. Giving the sire's daugh­
ters a score of 100 and expressing the other p*s as fractions 
of the £2 j the scores are as follows : 
Ill 
Sires daughters 100 
Dam 63 
Daughters of paternal grandsire 20 
Paternal grandam 14 
Daughters of maternal grandsire 40 
Maternal grandam 29 
The ^ 's are standard partial regression coefficients 
which must be multiplied by the proper estimate of to 
cPi 
obtain the concrete regressions to be applied. In 
this case the correlations between the phenotypic average 
and the genie value are .855 and .597 for bulls and cows 
respectively. The following partial regression coefficients 
the value of the expectation (p*) is 15. The index equation 
 
are thus obtained: 
b2 .3254 
b3 .1441 
b4 .0639 
b5 .0311 
b6 .1303 
b7 .0650 
.7598 
For the deviations used, the expectation of a single 
deviation is (1 - k')/i. Assuming ks = .85 and p = 100, 
112 
may be written in terms of deviations or BCA. In order to 
express the estimate of a sire1 s breeding worth on a BCA 
basis the equation is: 
I = 100 + .33(P2-15) + .14(P3-15) + .06(P4-15) + .03(P^-15) 
+.13(P6-15) + ,06(P7-15). 
The index may then be written: 
I = 100 - 15C.7598) + .33P2 + .14?^ + .06P4 + .03P^ + .13P 
+ .06Py 
where the P^ are the arithmetic averages of the deviations 
from regressed adjusted stablemate averages. In this case 
R = .554. Comparing this value with column one of Table 20 
indicates that this pedigree yields about as much informa­
tion on the bull's breeding value as eight daughters. 
